
Synchronization: From Classical to 
Quantum

L.C. Kwek

November, 2019



 Introduction: What is synchronization?  And 
perhaps what is not?

 Quantum synchronization: Some recent results 
on quantum synchronization…

 Squeezing effects: Our recent contribution….
 Semi-published and Unpublished results
 Summary

Content



The naturalist, Hugh 

Smith, who had lived in 

Thailand from 1923 to 

1934 and witnessed the 

displays countless times, 

wrote in exasperation that 

"some of the published 

explanations are more 

remarkable than the 

phenomenon itself." But he 

confessed that he too was 

unable to offer any 

explanation…Strogatz, 

Sync, p.
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Kuramoto Oscillators

(Yoshiki Kuramoto,蔵本由紀)





Christiaan Huygens (1629–1695)

Original drawing of Christiaan Huygens 
illustrating his experiments with two 
pendulum clocks placed on a common 
support.





Sir John William Strutt, Lord 
Rayleigh (1842–1919).

Sir Edward Victor Appleton (1892–1965).



Lord Rayleigh described the interesting phenomenon of 

synchronization in acoustical systems as follows:

When two organ-pipes of the same pitch stand side by 

side, complications ensue which not unfrequently give 

trouble in practice. In extreme cases the pipes may 

almost reduce one another to silence. Even when the 

mutual influence is more moderate, it may still go so far 

as to cause the pipes to speak in absolute unison, in 

spite of inevitable small differences.

On 17 February 1920 W. H. Eccles and J. H. Vincent applied 

for a British Patent confirming their discovery of the 

synchronization property of a triode generator – a rather 

simple electrical device based on a vacuum tube that 

produces a periodically alternating electrical current…. Eccles 
and Vincent coupled two generators which had slightly different
frequencies and demonstrated that the coupling forced the 
systems to vibrate with a common frequency

The synchronization phenomenon was used to stabilize the frequency of a 

powerful generator with the help of one which was weak but very precise.



Balthasar van der Pol (1889–1959)



Many classical synchronization phenomena in Nature

crickets

Milleniums bridge

Strogatz, et. al, Nature, 438, 43-44 (2005)

Neurons and pacemakers





Not synchronization!

Synchronization is different from resonance

The pendulum is not a self-sustained system and cannot oscillate continuously: 
being kicked, it starts to oscillate, but this free oscillation decays due to friction 
forces.



Difference in frequency of two coupled oscillators

Detuning 
(frequency
mismatch) of 
uncoupled 
systems

Arnold Tongue









Quantum Synchronization



Quantum Van der Pol or Quantum Stuart-Landau

Classical Van der Pol Equation

Quantum Van der Pol Equation?

?

For microscopic derivation:
ArXiv: 1711.07376

Strictly speaking: this Equation is a 
quantum version of the Stuart 
Landau Equation….behavior of 
nonlinear oscillator near Hopf
bifurcation



Quantum Synchronization

Back to Bruder’s paper



More “Classical” 

More “Quantum” 







Squeezing Enhances Quantum 
Synchronization

Squeezing Enhances Quantum Synchronization (2018). Phys. Rev. 
Lett. 120 163601

https://arxiv.org/abs/1801.10383


Quantum van der Pol equation….



Harmonically driven vdP Squeezed driven vdP





Solid black circle: stable fixed point
Empty white circle: unstable point



Bifurcation of the Wigner function.



Bifurcation of the Wigner function.

The bifurcation behavior observed from the classical solutions  appears 
as splitting of the Wigner function into two symmetric parts when driven
on resonance. For finite detuning      this symmetry is broken as can be 

seen by the lowering of one of the Wigner function peaks.



Bifurcation of the Wigner function.

Similar to the undriven case, the oscillator displays symmetric bifurcation 
with increasing driving



Bifurcation of the Wigner function.

Detuning breaks the symmetry of the lobes in the Wigner function….



Entrainment of squeezing- and harmonically- driven vdP

Squeezed-driven Harmonically-driven

Stronger squeezing produces narrower 
frequency distribution while harmonic drive 
has the opposite effect and causes broadening

Negativity of Mandel 
Q shows nonclassical
steady states



See also: ArXiv 1812.10082

Analogy to Lasing???



Source: J. R. Johansson, G. Johansson, and F. Nori. Optomechanical-like coupling 

between superconducting resonators. Phys. Rev. A, 90:053833, Nov 2014.;
S. Walter, A. Nunnenkamp, and C. Bruder. Quantum synchronization of two van der pol
oscillators. Annalen der Physik, 527(1-2):131{138, 2015.

Implementation with Circuit QED

Unpublished results with Daryl Mok…..









See: arXiv 1812.10082



Power Arnauld Tongue



 We review classical and quantum synchronization
 We consider a driven self-sustained oscillator  with a 

squeezing Hamiltonian instead of a harmonic drive.
 We analyze this system in the classical and quantum 

regime. 
 We demonstrate that strong entrainment is possible 

for small values of squeezing, and in this regime, the 
states are nonclassical. 

 We show that the quality of synchronization measured 
by the FWHM of the power spectrum is enhanced 
with squeezing.

Summary



Thank you very much 


